Introduction.
The use of the two dimensional linearized theory of supersonic flows in the solution of airfoil problems as introduced by Ackeret1 has been extremely successful in solving these problems and the results have generally been completely satisfactory for engineering purposes. The generalization of these results to the three dimensional finite span problems has, however, progressed rather slowly due to mathematical complications.
The flow near the tip of a rectangular wing was given (incorrectly) by Schlichting.2 The drag of a "delta" wing (a wing having an isosceles triangle for its planform with the symmetric vertex pointing into the oncoming flow as in Fig. 1 ) has been determined by Puckett.3 These two flow patterns and many other technically interesting finite span flow problems are particular cases of conical flows. A conical flow is one for which the fluid properties (pressure, velocity, etc.) are constant along each radial line emanatmach cone AT THE ing from the given origin. The concept of TRAILING EDM \ -a conjca] flow was given by Busemann4 who developed certain general techniques for treating these flows and who applied the method to several problems including
Schlichting's problem.
The methods of analysis used by Busemann have, however, proved to be rather obscure, and it has been found difficult to follow these methods in the solution of additional conical flow problems, in par-V/* ticular the currently very interesting problem of the lift of a delta wing. A new Fig. 1 . Delta wing in a supersonic flow. method of treating these conical flow airfoil problems which uses the well known theory of conformal transformation has been devised. It is the purpose of the present paper to discuss this method and to apply this method to the problem of the lift of a delta wing. In this application it is only necessary to consider the case for which the leading edges of the delta wing are within the Mach cone from the vertex. The other case for which the leading edges are outside the Mach cone has already been solved by Puckett.
In the present method no essential mathematical difference is found in the solution of the two cases.
2. General theory of conical flows. It is well known that the linearized theory of steady supersonic flows is bascrl on the Prandtl-Glauert equation,
where the undisturbed flow of Mach number M is taken to be parallel to the x axis. Here, P may denote a velocity or acceleration potential, or one of the velocity components u, v, w in rectangular Cartesian coordinates x, y, z, or a property of the state of this fluid such as pressure or enthalpy.
It can be seen that the coordinate transformation 11/2 R cos o} r *2 t/2 (4) as a special case. For example, if P is a velocity potential, then n -1. On the other hand, if P is one of the Cartesian velocity components (u, v, w) , a property of the state of the fluid such as the pressure or enthalpy, or the acceleration potential, then n = 0. It is the latter case which is of particular interest here, for P is then independent of r, and Eq. (3) becomes
It is apparent that this may be reduced to the Laplace equation in two dimen-
This is the normal form of the Laplace equation in two dimensional polar coordinates. It is seen that 5 is a function only of n and is thus constant on any one of the cones for which co is constant. The relations between s and a> are as follows:
v/Af2 -1 tan to s= (7) 1 + \/l -{M--1) tan2 u 2s VM* -1 tan to =
1 + 52
It may further be noted that s = l on the Mach cone through the origin.
Since the reduction to Eq. (6) is possible, any of the quantities which P may represent can be written as the real (or imaginary) part of an analytic function of the complex variable where r = se«.
Furthermore, all the methods of treatment of such functions, in particular the method of conformal transformation, may be used in the analysis of these quantities. If P is the harmonic conjugate of P and
the Cauchy-Riemann equations for these conjugate functions may be written dP d'P dP
In the direct airfoil problem, the airfoil geometry is given, and if the z axis is taken normal to the airfoil plane, the boundary conditions for determining the flow are thus given in terms of the disturbance velocity component w. It is desired in this case to compute the pressure distribution which may be easily expressed in terms of the axial disturbance velocity component u. In the inverse airfoil problem, a pressure distribution is defined, and it is desired that the airfoil shape be computed. In either case the boundary condition is given in terms of one velocity component and another velocity component gives the desired result. For a conical flow there are simple relations between the complex functions representing the various Cartesian velocity components. The use of these relations is the essence of the present method of treatment of conical flows. These relations between the complex functions corresponding to the Cartesian disturbance velocity components u, v, w which will be written A similar treatment of Eqs. (21) and (22), V being eliminated by Eqs. (17) and (27), shows that dV 2r dW V-
(1 + rJ) VAf! -1 # f These two relations, Eqs. (28) and (29), are the fundamental relations for the present treatment of conical supersonic flow prob-\ Iems. j \ 3. Example. Lift of a delta wing. The I \ general techniques developed in the previous ,m£ w * w»"7 -j | section will now be used to compute the lift I \ \ \ -i*» j of a delta wing at a small angle of attack / for the case in which the leading edges are / inside of the Mach cone (see Fig. 1 ). The z axis is taken normal to the airfoil. The conditions in the f plane are shown in Fig. 2 . Note that the airfoil cuts the f plane on the 
i.e., fi = sniti),
where the elliptic function has the modulus k. Then the region Im£i>0 is mapped into the rectangle having its corners at ±K, iK'±K where K and K' are the complete elliptic integrals of the first kind having a modulus of k and k' where 1«-si (35, By integrating around the slit from -1 to 1 in the fi plane, it is seen that the region JwfiCO maps into the rectangle having corners at ^2 = 2K±K, 2K±K+iK'. Now, the transformation given by Eq. (31) is double valued, i.e., two points in the f plane correspond to each point in the plane. The fi plane must thus be considered as a two sheeted Riemann surface with one sheet corresponding to the interior of the unit circle in the J" plane and the other sheet corresponding to the exterior of the unit circle in the f plane. Furthermore, the value of the downwash velocity w must be equal and opposite at inverse points in the f plane. This permits the analytic continuation of w throughout the entire f plane; in particular it is seen that w = -w<, on the exterior points corresponding to the airfoil. The two sheets in the fi plane are connected through the slit from -1 to +1. A contour cutting this line passes from the upper to the lower sheet or vice-versa. The sheet which corresponds to the exterior region of the f plane is thus seen to be mapped into the rectangle having corners at £t = K ±2K, K±2K-iK'.
The entire plane is mapped into a basic rec- [Vol. IV, No. 3 tangle in the f2 plane as shown in Fig. 4 The function dW/d$2 (but not W itself) must be doubly periodic in the ft plane with periods 4K and 2iK', the first corresponding to a loop around the points ft = ± 1 and the second corresponding to a loop around the points ft = l, l/k or -1, -\/k. The only singularities of W or <fW/dft must be at the points corresponding to the airfoil leading edges, i.e., at the points conjugate to iK' ±K. Finally dW/dft must be pure imaginary on the lines Im^ = nK' and Re£2 = K-\-2nK (n being any integer). All of these conditions are satisfied by the Jacobian elliptic function = tDftP-fo),
where n is any positive integer and D is a real constant. If this is integrated it is seen that for «>0, W has a pole of order 2« -1 at the wing tips. The cases for n> 1 can then be discarded as the singularity at the wing tips is seen to correspond to a sourcesink complex which has an infinite total lift. Furthermore, the case for n -0 may be discarded as [see Eq. (29) ] it requires that U(f) have a logarithmic singularity on the Mach cone. The appropriate solution is thus = iDcd\Si). 
da \ZM* -1
This limit, the same as the two dimensional solution, had previously been obtained by Puckett.
It may further be noted that the quantity Ja/tI/1-1 dC^/dci is a function only of the parameter k = \'M'1-1 tan u0. This result is shown graphically in Fig. 5 , and the slope of the lift curve for a particular case, w0 = 10°, is shown as a function of
